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Abstract. To each category C of modules of finite length over a complex 
simple Lie algebra g, closed under tensoring with finite dimensional modules, 
we associate and study a category ATT{C)k of smooth modules (in the sense 
of Kazhdan and Lusztig 1131 ) of finite length over the corresponding affine 
Kac— Moody algebra in the case of central charge less than the critical level. 
Equivalent characterizations of these categories are obtained in the spirit of the 
works of Kazhdan-Lusztig 1131 and Lian-Zuckerman I18II19I . In the main part 
of this paper we establish a finiteness result for the Kazhdan-Lusztig tensor 
product which can be considered as an affine version of a theorem of Kostant 
1171 . It contains as special cases the finiteness results of Kazhdan, Lusztig 
and Finkelberg and states that for any subalgebra f of g which is 
reductive in g the "affinization" of the category of finite length admissible (g, f) 
modules is stable under Kazhdan-Lusztig's tensoring with the "affinization" 
of the category of finite dimensional g modules (which is On in the notation 

of rnirnirrsi '). 



1. Introduction 

Let g be a complex simple Lie algebra and let q be the corresponding untwisted 
affine Kac-Moody algebra, see It is the central extension of the loop algebra 

(1.1) [xe,yn = [x, + nJ„,_™(x, y)K, x,y&Q 

where (., .) denotes the invariant bilinear form on g normalized by (a, a) = 2 for 
long roots a. The affine Kac-Moody algebra g is a Z graded Lie algebra by 

(1.2) degaii" = n, degK = 0. 

Set for shortness §+ = ^ q. Denote the graded components of U{q) and U{q+) 
of degree N by J7(g)^ and C/(0+)^, respectively. 

Definition 1.1. (Kazhdan-Lusztig) For a g module V define 

V{N) = Annt/(g^)ivy dV, N e Z>o. 
A Q module V is called strictly smooth if 

\JnV{N) = V. 
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Recall also that a q module V is called smooth if each vector in V is annihilated 
by t^g[t] for all sufficiently large integers N. 
Clearly 

V{1) C V{2) C ... 

and each V{N) is a g module since 0^0 normalizes U Each strictly smooth 
g module is a module for the topological algebra g which is the central extension 
ofg((i)) by inj. 

The main objects of our consideration are the following categories of g modules. 

Definition 1.2. Let C be a full subcategory of the category of g modules and 
K e C. Define AJ-T{C)k to be the full subcategory of the category g modules of 
central charge k, — consisting of strictly smooth, finitely generated g modules V 
such that 

V{N) eC, for aUA^= 1,2,... 

Here hy denotes the dual Coxeter number of g. 

We will restrict our attention only to categories C of finite length g modules which 
are closed under tensoring with the adjoint representation and taking subquotients. 
The following are some important examples. 

Example 1.3. (1) Let C — J-in^ be the category of finite dimensional g modules. 
Then AJ-^F^J^ing)^ is Kazhdan-Lusztig's category defined in ^T^ . 

(2) Let f be a subalgebra of g which is reductive in g, i.e. g is completely 
reducible as an f module under the adjoint representation, see jHl section 1.7] for 
details. Consider the category of finite length admissible (g, f) modules - g modules 
which restricted to f decompose to a direct sum of finite dimensional irreducible f 
modules, each of which occurs with finite multiplicity. It will be denoted by C(g j). 
Kostant's theorem states that C(g is closed under tensoring with finite dimensional 
g modules, Theorem 3.5] . Clearly C(g is also closed under taking subquotients. 
The example (1) is obtained from (2) when one specializes f = g. 

(3) Let go be a real form of g and t be the complexification of a maximal compact 
subalgebra of go- Then i is reductive in g and the category from part 2 specializes 
to the category of Harish-Chandra (g,6) modules to be denoted by 7iC(g^e). 

Lian and Zuckcrman |18l IT!?] studied the category of Z-graded g modules 

(1.3) V = (BnezVn 

for the grading p. 2(1 of g for which Vn is a Harish-Chandra g-module and Vn = 
for n:^ 0. Later we wiU show that this is exactly the category AJ-T{Ti.C(^g^(^) (see 
Proposition l3.8l below) and will obtain a characterization of all categories AJ-J-{C)i^ 
in this spirit. At the same time the above Z-grading is not canonical and is not 
preserved in general by g homomorphisms. In the general case there is a canonical 
C grading with similar properties, obtained from the generalized eigenvalues of 
the Sugawara operator Lq, see Proposition 11.51 It is preserved by arbitrary g 
homomorphisms . 

I. Frenkel and Malikov 8 defined a category of affine Harish-Chandra bimodules 
from the point of view of the construction of Bernstein and S. Gelfand treating 
case when go is a complex simple Lie algebra considered as a real algebra. It is 
unclear how in this case |H| is related to ^Hl and the constructions of this paper. 

(4) Finally as another specialization of (2) one can choose f to be a Cartan 
subalgebra I) of g and obtain the category of weight modules for g. Its subcategory 
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O of Bcrnstein-Gelfand-Gelfand (for a fixed Borel subalgebra b D () of g) is also 
closed under tensoring with finite dimensional q modules and taking subquotients. 
From the results in Section 3, in particular Theorem l3.5l it follows that the category 
AJ-J-{0)ii for K ^ R>o is essentially the affine BGG category O of g modules with 
central charge n — h^, see ^^l- The generator d for the extended affine Kac-Moody 
algebra acts on g modules from ATT{0)k, by const — Lq where Lq is the 0th 
Sugawara operator, see ^12) and Section 2 below. 

The following Theorem summarizes some of the main properties of the categories 

Theorem 1.4. Assume that the category C of finite length g modules is closed 
under tensoring with the adjoint representation and taking subquotients, and that 
K ^ ]R>o- Then the following hold: 

(1) For any M Cz C the induced module 

Ind(M)^ = C/(g) (E)u{smcK) M 

belongs to AJ-J-{C)k,. (In the definition of the tensor product the central element K 
acts on M by (k — h^) and g+ = tg[t] annihilates M.) 

(2) The g modules in ATT(C)k. have finite length and are exactly the quotients of 
the induced modules from C/(g[i]) modules J\f annihilated by the degree n component 
U{g+)" ofU{2+) for some n > 0, recall (jT^ . 

(3) ATT{C)i<^ is closed under taking subquotients. 

(4) If the original category of Q modules C is closed under extension then the 
category AJ-J-{C)k is closed under extension inside the category of g modules of 
central charge k — h"^ . 

Let us also note that every irreducible module in AJ-J-(C)k is (the) unique 
irreducible quotient of Ind(M)„ for some irreducible g module M. In addition for 
two nonisomorphic irreducible g modules the related irreducible g modules are 
nonisomorphic . 

Each smooth g module of fixed central charge, different from the critical level 
— /i^, canonically gives rise to a representation of the Virasoro algebra by the Sug- 
awara operators Lk, see |T21 or the review in Section 2. The generalized eigenspaces 
of the operator Lq (^ £ C) are naturally g modules. One has the following char- 
acterization of AJ-T{C)^. 

Proposition 1.5. In the setting of Theorem \1.4\ the category AJ-J-{C)k, consists 
exactly of those finitely generated smooth g modules of central charge k — h'^ for 
which 

(1.4) V= y« for some ^i,...,^neC 

«: «-Ciez>o 

and y« e C. 

Kazhdan and Lusztig 1131 1141 IT^ defined a fusion tensor product Vi(k)V2 of any 
two strictly smooth g modules Vi and V2 , motivated by developments in conformal 
field theory |31 IlKL I2(JI l^li Q^. In a related series of works Huang and Lepowsky 
developed a theory of tensor products for modules over vertex operator algebras. 
The modules Vi(^V2 obtained from the Kazhdan-Lusztig tensor product are strictly 
smooth but in general it is hard to check under what conditions they have finite 
length. Kazhdan and Lusztig proved in J^! that the category 0„ is closed under 
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the fusion tensor product and further used it to construct functors to representa- 
tions of quantized universal enveloping algebras. In the case of positive integral 
central charge Cherednik defined in 'S' a version of the fusion product for a cate- 
gory of integrable modules and showed that the latter is invariant under that tensor 
product. 

For the affine algebra g and the fusion tensor product the category plays the 
role of the category of finite dimensional modules for the algebra g. We prove the 
following finiteness property of the Kazhdan-Lusztig tensor product. It is an affine 
version of Kostant's theorem 13 that tensoring with finite dimensional q modules 
preserves the category of g modules C(g j). 

Theorem 1.6. Let k ^ M>o and f be a subalgebra of the complex simple Lie algebra 
g which is reductive in g. Then the Kazhdan-Lusztig fusion tensor product of a q 
module in O^. and a g module in ^^^(C(g f))^ belongs to ^jFjF(C(g f))^ : 

Thus AJ-T{C(^g^fj)^ become (bi)module categories for the ring category Ok, using 
the left and right Kazhdan-Lusztig tensoring with objects from ©„. The associa- 
tivity is defined by a straightforward generalization of |14| . There are also braiding 
isomorphisms, intertwining the two tensor products, again defined as in |14| . 

In the special case f = g one has = AJ-J-{C(^g_g-))K. and we get just another 
proof of one of the main results of Kazhdan and Lusztig in [T^ that 

®: O^xO^^ Ok. 

The novelty in this paper is a direct proof of Theorem 11.61 which in the main part 
is independent of the one of Kazhdan and Lusztig (I2l Section 3] who use Soergel's 
generalized Bernstein-Gelfand-Gelfand (Brauer) reciprocity Section 3.2]. They 
show that if y is a strictly smooth g module of central charge less than the critical 
level and V{1) is finite dimensional then V € O^. Unfortunately BGG reciprocity 
does not to hold in the categories of g modules y^.F.F(C(gj))„ and even in the 
standard category of Harish-Chandra g modules. (This was communicated to us 
by G. Zuckerman.) Moreover it seems that in general strict smoothness of a g 
module V and V{1) S C(g_f) do not imply that V G AJ-J-{C^g^f))K (the problem 
being that V might have infinite length) but we do not know a counterexample at 
this time. 

As another consequence of the special case when f is a Cartan subalgebra of g 
(see part 4 of Example II. 3|) one easily obtains that the fusion tensor product of a 
module in O^ and a module in the affine category O with central charge k — h'^ is 
again a module in the affine category O. This was previously proved by Finkelberg 

m 

Theorem ll.fil opcns up the possibility for defining translation functors j22lllll[T(1] 

in the categories ^J^J^(C(g.f))„ using the Kazhdan-Lusztig fusion tensor product. 
It is also interesting to investigate if tensoring with O^ can be used to define func- 
tors from the categories AJ-T{C(^^^i^))k. to some categories of representations of the 
corresponding quantum group t/q(g) in the spirit of Kazhdan and Lusztig ^SJ- This 
can be viewed as a procedure of "quantizing categories of modules over a complex 
simple Lie algebra" by considering first categories of modules for the related affine 
Kac-Moody algebra. 
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2. Properties of induced modules 

Recall that on any smooth g module V of central charge k — hy [k, ^Q) there is 
a well defined action of the Sugawara operators (see [E] for details) 

(2.1) 1 (^^i-.)(a;pt.+'c): 

P J6Z 

where the first sum is over an orthonormal basis {xp} of g with respect to the 
bilinear form (., .). In (|2.1|) the standard normal ordering is used, prescribing pulling 
to the right the term xi" with larger n. 

The Sugawara operators define a representation of the Virasoro algebra on V 
[HI for which 

(2.2) [Lk,xt"] = ~n{xf 

For a g module V consider the generalized eigenspaces of the operator Lq 

= {v eV \ {Lq - ^)"w = for some integer n}, S, eC. 

Since Lq commutes with (see (|2.2|) ') each is a g module. 

Definition 2.1. For a g module AI and k S C define the Weyl module 

Ind(M)^ = U{g) ®[/(B[t]®c/f) M 

of g where g[t] acts through the quotient map g[t] — > 0[i]/t0[i] = and K acts by 
(k- /i^)id. 

Proposition 2.2. Assume that M is a g module on which the Casimir Q of g acts 
by a. id for some a S C and that k is a nonzero complex number. Then: 

(1) Ind(A/)K = Ind(M)| anc?Ind(M)| are actual (not generalized) eigenspaces 
of Lq. 

(2) Ind(Af )| = unless ^ G a/2K + Z>o and as g modules 

(2.3) Ind(Af )(^''/2«+n) '^M® 5(ad)" 

where S'(ad)" denotes the degree n component of the symmetric algebra of the graded 
vector space g © g © . . . with k-th term sitting in degree k (fc = 1, 2, . . .) considered 
as a g module under the adjoint action. 

(3) If M is an irreducible g module andV is a nontrivialg suhmodule o/Ind(A'f)K 
then 

V n Ind(M)^/2K ^ Ya/2K ^ Q 

Part 2 follows from 12. 2|) and the Poincare-Birkhoff-Witt lemma. Parts 1 and 3 
are straightforward. 

Corollary 2.3. If M is an irreducible g module then Ind(Af)K has a unique max- 
imal g suhmodule A'f,„ax- It satisfies Mmax H lnd{M)%^^'^ = 0. The corresponding 
irreducible quotient will be denoted by 

Irr(Af), = Ind(M),/Af,„ax. 
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We now use a theorem of Kostant . Recall that through the Harish-Chandra 
isomorphism the center Z{q) of U{q) is identified with S{t))^ for a given Cartan 
subalgebra f) of g, see e.g. ISl, Chapter 7.4]. Thus the characters of Z{g) are 
parametrized by \)* /W. The character corresponding to the W orbit of A G f)* will 
be denoted by xx ■ Z{q) C. Recall also that for the Casimir element ft G Z{g) 

XA(f^) = |Ap-|pP 

where p £ f)* is the half-sum of the positive roots of g for the Borel subalgebra used 
to define the Harish-Chandra isomorphism. 

Theorem 2.4. (Kostant) Let M be a Q-module with infinitesimal character x\: 
A G f)* and U be a finite dimensional q module with weights /ii, • • • , /i„, counted 
with their multiplicities. Then 

n 

annihilates U ® M for all z G Z{q), in particular 

n 
i=l 

annihilates U ® M. 

Lemma 2.5. Let M be an irreducible q module with infinitesimal character xXi 
A G t)*. Then for any two Q submodules V and V' oflnd{M)K such that 

V cV, V 

there exists an element fi of the root lattice Q of q such that 
(a) the operator Lq : V' /V V /V has the eigenvalue 

1 



and 
(b) 



2^-(|A + Ml^-|pf 



;i(|A + Ml'~|An GZ>o. 



2k 

Proof. The subspaces V and V of Ind(Af are invariant under Lq and therefore 
Lq induces a well defined endomorphism of V/V . Choose the eigenvalue of Lq 
on V/V with minimal real part. (It exists due to part 2 of Proposition [^|) Then 
g+ annihilates (V/V)^" because of (12. 2|) . This implies that the Casimir of g acts 
on {V/V')^" by 2Kfo-id. On the other hand {V/V')^" considered as a g module is 

a subquoticnt of the module Ind(M)K'^' '''' for some n G Z>o, see (|2.3|) in 

Proposition 12.21 

According to Kostant 's theorem 



eo = :^(|A + Mp-|p| 



2^ 



for some p in the root lattice Q of g. At the same time 

eo = ^(|A|^-ipn + n 

for the nonnegative integer n above. This weight fi satisfies properties (a) and (b) 
above. □ 
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Lemma [2 .51 motivates the following definition. Assume that M is a g module of 
finite length and that all tensor products of M with powers of the adjoint represen- 
tation of Q have finite length as well. Then for every § submodule V of Ind(M)„ 
set 

(2.4) 5{V)^ J2 l(ynlndiM)i) 

C: (|Ap-|pP)/2K + Z>o and 
3AieQ,e=(|A + /i|2-|p|2)/2« 

where denotes the length of a g module. The g modules Ind(M)| have finite 
lengths because of part 2 of Proposition 12. 21 Clearly S{V) G Z>o U {oo}. 
The following lemma contains the major property of the function d{.). 

Lemma 2.6. Let M he a q module for which the tensor products 

M ® (ad)®" 

have finite length for n G Z>o. If V d V' are two g submodules o/Ind(M)„ such 
that V then either 6{V) = 6{V') = oo or S{V) < S{V'). 

In the case of an irreducible g module M, Lemma [2. 61 is a direct consequence of 
Lemma [2.51 analogously to the proof of |13l Proposition 2.14]. The general case 
follows from the exactness of the functor M i-^ Ind(M)K. 

Next, for some g modules M, we establish bonds on S{V) for all g submodules 
V of Ind(Af)«,. First note that 

(2.5) C = minRe(|^P + 2(A,Ai)) 

exists and is finite because for a fixed A G [)*, Re (|/ip + 2(A, /i)) = + 2Re (A, ^) 
is a positive definite quadratic function on the root lattice Q of g. Moreover C < 
because the above function of /i vanishes at /i = 0. 

Lemma 2.7. (1) If n ^ ]R>o then 

(2.6) 5(Ind(M)«) < oo. 

(2) Define the set 

(2.7) X, = l^iM^ 1 e g,n G Z>o| C C. 
If K ^ X\ and in particular if 

(2.8) K^Y^ = Q + (Q(A, ai) + . . . Q(A, a,) D 
then 

<5(Ind(Af)«) = 1{M). 

(3) //RcK < f then 

5{\nA{M)^) = 1{M). 

Proof. Since the sum 12.41) is over those ^ G C for which 

^={\\\'-\p?)/2n + n=[\\ + ^,\^~\p\^)/2n 

for some p Q, n G Z>o, for each ^ in (|2.4() there exists a pair (/i,7i) G Q x Z>o 
such that 

(2.9) l^p + 2(A,/i) = 2Kn. 
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(1) We claim that if k ^ M>o then the sum in p. 4(1 is finite for any g submodule 
of lnd{M)i^. This follows from the faet that if k ^ R>o, then the set of pairs ((2.9(1 
is finite because for each e > there exists R> such that 

Re(|/x|2 + 2(A,Ai)) 

The statement now follows from the fact that for each of those finitely many ^'s 
the g module Ind(A/)| has finite length. 

(2) In this case the set of pairs 1(2.9(1 consists only of the pair (/z, n) = (0, 0), i.e. 

,5(Ind(M)„) = ;(lnd(Af)l^^l'/2'') = 1{M). 

(3) If Re K < ^ then for every ji & Q and n e Z>o 

Re K < — < — < Re ^-^ ^-^^ 

2 - 2n - 2n 

because C < 0, as noted before the statement of Lemma f2. 71 Therefore Rck < ^ 
implies that k ^ X\ and part (3) follows from part (2). □ 

Theorem 2.8. Let M be a g module as in Lemma \2.b\ 

(1) If K ^ R>o then Ind(M)K has finite composition series with quotients of the 
type Irr(M')„ for some irreducible subquotients M' of M ® S'(ad)", see 1(2.3(1 . 

(2) If Ken < C'/2 and M is irreducible then Ind(M)K is an irreducible g module. 

(3) If K ^ Y\ or more generally k ^ X\ and M is irreducible then Ind(A/)K 
is again an irreducible g module (see (12.71) . ((2.8(1 for the definitions of the sets 
XxCYxC C). 

Proof. The first statement in part 1 and parts 2-3 follow from Lemma 12.61 and 
Lemma 12.71 

To prove the second statement in part 1, assume that V C V C Ind(M)K are 
two submodules such that V' /V is a nontrivial irreducible g module. Choose the 
eigenvalue of Lq acting on V' /V with minimal real part. Then {V' /V)^° is 
annihilated by g+ and is an irreducible g module, otherwise if Mq is a submodule 
of {V' /V)^" we obtain a morphism Ind(Mo)K — ^ V /V whose image is a nontrivial 
g submodule of V /V because of Proposition 12. 21 

Next we obtain a homomorphism Ind ((^V^)^")^ ^ V /V which needs to be 
surjective and consequently we obtain that 

V'/V ^lTi{{V'/V)^°)^. 

□ 

Remark 2.9. Part 2 of Theorem 12.81 generalizes a result of Lian and Zuckerman 
1^, Proposition 2.2] in the case when M is a Harish-Chandra module which they 
obtained, using the Jacquet functor. 

3. The categories ATT{C)k 

Throughout this section we will assume that C is a full subcategory of the cate- 
gory of g modules of finite length which is closed under tensoring with the adjoint 
representation of g and taking subquotients, see Examvle M.'dX We will also assume 
that 

K ^ M>o. 
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Proposition 3.1. Under the above assumptions for any M G C 

(1) Ind(Af)K; has finite composition series with quotients of the type Irr(Af' for 
some suhquotients M' o/ M ® S'(ad)", see (|2.3|) . 

(2) Ind(M)« e ATTiC)^. 

Proof. Part 1 follows from the exactness of the functor Ind(.)K and part 1 of The- 
orem EH 

Since the functor V ^ y{N) (from the category of q modules to the category g 
modules) is left exact to prove part 2 it is sufficient to prove that 

(3.1) Irr(M)« £ ATT{C)^ 

whenever M G C is an irreducible g module. Indeed the left exactness shows 
that hid{M) ,^{N) is finitely generated by induction on the length of Ind(M)K. 
But Ind(M)«(iV) is also a submodule of M (g) (^0„g2>o 5'(ad)") and thus of the 
truncated tensor product for n < k for some integer k. This implies that Ind(T4^)„ S 
C. 

To show (jnU we note that Irr(M)«,(l) = M for an irreducible q module M. 
(Indeed Irr(M)K(l) is an irreducible g module because if M' is a submodule of 
it then there would exist a homomorphism of g modules Ind(M')K Irr(Af)K 
whose image would be a nontrivial submodule of Irr(Af )„. Now Corollary 12 . 31 gives 
Irr(M)„(l) ^ M.) Thus Irr(M)«;(l) e C. Finally we use the following result of 
Kazhdan and Lusztig 13, Lemma 1.10(d)]: 

For any q module V there is an exact sequence of q modules 

^ 1/(1) -> V{N) -> Homc(fl, V"(iV- 1)) aA®V{N for iV > 2 

where the map i is given by 

i[v){x) = {tx).v G V{N - 1), f G V{N), a; G 0, 
By induction on N one shows that Irr(M)„(7V) is a finitely generated g module. 
Hence Irr(M)K(iV) is a subquotient of M {^^^^^ S {ad)"^^ for some sufficiently 
large integer k and thus belongs to C □ 

Definition 3.2. A Q[t\ module M is called a nil-C-type module if J7(g+)" annihilates 
it for a sufficiently large integer n and considered as a g module J\f <^C. 

Lemma 3.3. A module M over g[i] is a nil-C-type module if and only if it admits 
a filtration by g[t] submodules 

A/" = A/™ D N,n-i D . . . A/; D A/'o = 

such that g+A/i C A/i-i and Afi/Afi-i are irreducible g modules which belong to C. 

For a g[t] module M we define the induced g module 

(3.2) I(M), = [/(g) (g)uismcK) M 

where M is extended to a g[i] ® CK module by letting K act by k — /i^. 

Definition 3.4. A generalized Weyl module over g of type C and central charge 
K — is an induced module 

I(Af)« 

for some nil-C-type module M over g[i]. 
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Theorem 3.5. Let V be a g module of central charge k — , k ^ M>o. 

(1) The following (a)-(c) are equivalent 
(a) V e ATTiC)^, 

(h) There exists a positive integer N such that V{N) e C and V{N) generates 

V as a Q module, 

(c) V is a quotient of a generalized Weyl module of type C. 

(2) The irreducible objects in AJ-J-{C)k are the modules Irr(M)„ for irreducible 
g modules M. In addition for two nonisomorphic irreducible Q modules M and M' 
the Q modules liv^M),^ and Irr(M')„ are not isomorphic. 

(3) The category ATT{C)i^ is closed under taking subquotients. Any module 
in ATT{C)ii has finite length and thus has a filtration with quotients of the type 
Irr(Af)K for some irreducible g modules M. 

Proof. Part 1: Obviously (a) implies (b). 

Condition (b) implies (c) because assuming (b), V{N) is a naturally a nil-C-type 
module over Q[t] and thus is a quotient of the corresponding generalized Weyl 
module. 

Condition (c) implies (a) as follows. Because of Lemma [3.31 and the exactness 
of the induction functor any generalized Weyl module for g has a filtration with 
quotients of the type Ind(M) for some irreducible g modules M e C. Now Propo- 
sition implies that it also has a filtration with quotients of the type Irr(Af)K 
(again for some irreducible q modules M). Thus any quotient V of a generalized 
Weyl module has a filtration of the same type. The left exactness of the functor 

V — > V{N) implies by induction that V{N) are finitely generated q modules. Using 
(12.31) as in the proof of Proposition 13 . II we see that V{N) 6 C. 

Part 2: If V is an irreducible g module which belongs to AJ-J-{C)k. then V{1) 
should be an irreducible g module. Otherwise, since it has finite length, it would 
contain an irreducible g module M and one would obtain a homomorphism Ind(M)K 

V which should factor through an isomorphism lvv{M)i^ = V. But this is a contra- 
diction since Irr(M)ft;(l) = M, see the proof of Proposition 13. II 

If Ind(M)K and Irr(M')K are isomorphic g modules for two irreducible g modules 
M and M' then l\id{M)f,{l) ^ M and Ind(M')K(l) = M' are isomorphic g modules 
and thus M ^ M'. 

Part 3 follows from the characterization (c) of AJ^T{C)t^ by generalized Weyl 
modules. It can be easily proved directly. □ 

As a consequence of part 1, condition (b) of Theorem 13.51 one obtains: 

Corollary 3.6. Any module V G AJ-^J-^{C)i^ is finitely generated over U{g[t~^]). 

In the case when the category C of g modules is closed under extension we get 
that the category of g modules is closed under extensions too. This is the case for 
the categories J-in^ and more generally C(g j) in Example 11.31 when f is a semisimple 
Lie algebra. 

Theorem 3.7. Assuming that the category C is closed under extensions and k ^ 
]R>o the following hold: 

(1) The category of q modules AJ-J-{C)k, is closed under extension inside the 
category of g modules of central charge k — and 

(2) A g module of central charge K — h'^ belongs to AJ-J-{C)k, if and only if it has 
a finite composition series with quotients of the type liv{M)i.^ for some irreducible 
g modules M £C. 
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The proof of Theorem 13 . 71 mimics the one of Theorem 51 

FinaUy we return to Proposition II . 51 
Proof of Provosition \1.5l If G AJ-J-{C)k then it is a quotient of a generahzed 
Weyl module, 11. 4() and e C holds because of Proposition |^J 

In the other direction - assume that is a finitely generated g module for which 
()1.4(l holds and e C. Then V is generated as a C/(g) module by vj e V^^ for 
some Q G C, j — 1, . . . ,k. Thus it is generated by 

(3.3) V^. 

(Note that the above sum is finite because of H1.4|l 'l. Eq. H3.3|l defines a Q[t\ 
submodule of V because of (|2.2|) and as a g ^ g[t] module it belongs to C since the 
sum in H3.3|l is finite. Therefore 1^ is a quotient of the corresponding generalized 
Weyl module of type C and belongs to AJ-T{C)k. □ 
There exists also a characterization of the categories AJ-J-{C)^ in the spirit of 
Lian and Zuckerman |18[I19| : 

Proposition 3.8. The category AJ-T{C)k consists exactly of those g modules V 
of central charge k — h"^ which are TL graded 

(3.4) T^-0K 

with respect to the grading H1.2|l and 

14 eC, K = 0/orn<0. 

Sketch of the 'proof of Proposition^^ Let V £ ATT{C)f,. Then (|1.4(l holds for 
some ^1, . . . , ^„ G C and we can assume that £,i — ^ To get the grading l|3.4|l 
we can set e.g. 

The opposite statement is proved similarly to Proposition II. 51 □ 



4. Duality in the categories ^J^J^(C(gj))K 

Let f be a subalgebra of g which is reductive in g and k ^ M>o- In this sec- 
tion, completely analogously to 13 . we define a natural duality in the categories 
^J^J^(C(gj))K- We will only state the results. 

For any f module M we define 

(4.1) M'^ := {M*y-f'" 

where (.)* stays for the full dual and {.y~f'^^ denotes the t/(f)-finite part, i.e. the 
set all ?7 such that dimf/(f)?7 < oo. 
It is well known that 

M h-> M'^ 

is an involutive antiequivalence of 

Recall that g has the following involutive automorphism 

(4.2) {xt'^Y ^ x{-t)-\ k e Z; {K)* = ~-K. 

For a g module V by V"^ we will denote the twisting of V by this automorphism. 
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Recall also that for any g module V the strictly smooth part 

of F is a § submodule. 

For any g module V define 

(4.3) DiV) (Vyioo) = UN>i{Vy{N). 

Here the restricted dual is defined with respect to the action f on y coming from 
the embedding f ^ g ^ g. It is clear that D{V) is a strictly smooth g module. If 
V has central charge k — then D{V) has the same central charge. 

It is easy to see that if F G A7-"JF(C(gj))K then the generahzed eigenspaces {V^)^ 
of the Sugawara operator Lo for the g module are given by 

(4.4) {V^f ^{r^eV'^\ r^{V^) ^ for C ^ C}- 

Proposition 4.1. (1) Fix V £ ylJ-'J-'(C(g.f))K with decomposition H1.4|l for some 
^1, . . . , e C. Then as a subspace of the dual module D{V) is 

DiV) = (y'^)«. 

C-«iez>o,....?-?„ez>o 

(2) The contravariant functor D is an involutive antiequivalence of the category 

(3) The functor D transforms simple objects Irr(Af)K G ^jF.F(C(gj))K by 

Parts 1 and 3 are proved analogously to Section 2.23 and Proposition 2.24 in 
[13 . Similarly to ^1 Proposition 2.25] one shows that the functor D is exact. This 
implies that for any V £ ^J?^J^(C(g f))^, D{V) has finite length and thus belongs 
to ^jrjr(C(g.f))K, e.g. because of Proposition [T31 Now part 2 of Proposition im is 
straightforward. 

5. FiNITENESS PROPERTIES OF THE KAZHDAN-LuSZTIG TENSOR PRODUCT 

In this section we prove Theorem II. 61 

First we recall the definition of the Kazhdan-Lusztig fusion tensor product jJSI ■ 
Consider the Riemann sphere CP^ with three fixed distinct points pi, i = 0,1,2 on 
it. Choose local coordinates (charts) at each of them, i.e. isomorphisms % : CP^ 
CP^ such that ^i{pi) = where the second copy of CP"'^ is equipped with a fixed 
coordinate function t vanishing at 0. 

Set R = C[CP^\{poiPiiP2}] and denote by F the central extension of the Lie 
algebra q® Rhy 

(5.1) [/i2;i,/2a;2] := /i/2[a;i, ^2] +KeSpg{f2dfi){xi,X2)K, 

for fi e R and a;^ G g. Here (., .) denotes the invariant bilinear form on g, fixed in 
Section 1. There is a canonical homomorphism 

(5.2) F ^ g^, xf ^ (a;Ex(7i*)-i(/),a:Ex(7*)-i(/)), K ^ -K 

where Ex(.) denotes the power series expansion of a rational function on CP"'^ at 
in terms of the coordinate function t. 
Define 

Gat = span{(/ia;i) . . . (fNXN) \ fi vanish at po, a;^ £ g} C U{T). 
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Fix two smooth § modules Vi and V2 of central charge k—K^ . Equip W = Vi®cV2 
with a structure of F module with central charge —Hi-\-h^ using the homomorphism 
Clearly 

PF D GiVF D G2PF D ... 
and one can consider the projective limit of vector spaces 

(5.3) W ^YimW/GNW. 

Define an action of g on as follows. Fix to G Z and for each n e Z>o choose 
gn,m G R such that 

{la)^^{gn,m) — vanishes of order at least n at 0. 

Set TO = max{— TO, 0} and 

(5.4) xt"\{wi,W2, . . .) = {{xgi^m,)wTn+l, {xg2,m)Wrn+l, ■ ■ •) 

for any sequence {wi, W2, . . .) in PF representing an element of the projective limit 
(|5.3|l i.e. wn & W and wn+i — wn G GmW. In it is shown that this defines on 
W a structure g module of central charge — k + /i^, independent of the choice of 
5n m G r. Finally the Kazhdan-Lusztig tensor product 13 of Vi and V2 is defined 

by 

Vi®V2 := (VF)«(oo). 

We show finiteness properties of a dual construction of the fusion tensor product. 
Let /o be a rational function on CP^ (unique up to a multiplication by a nonzero 
complex number) having only one (simple) zero at po and only one (simple) pole 
at pi. For instance when 7o(pi) is finite fo{t) — a7o(i)/(7o (^) — 7o(pi)), a 7^ 0. Set 

(5.5) Xn = span{(/oa;i) . . . [faXN] \ Xi e q] C U{T). 

Clearly C Gat. 

Kazhdan and Lusztig proved the following Lemma. 

Lemma 5.1. jI3l Proposition 7.4] Assume that Vi are two strictly smooth g modules 
of central charge k — h"^ , generated by Vi{Ni), respectively. Then 

N-l 

Vi(»V2^J2 ^k{Vi{Ni) V2{N2)) + Gn{Vi ® V2) 

k=0 

for all TV e Z>o. 

For a given category of g modules C denote by AJ-J-{C)k. the category of strictly 
smooth g modules V such that 

V{N) e C. 

It differs from the category AJ-J-{C)k. in that we drop the condition for finite length. 

Let f be a subalgebra of g which is reductive in g. Consider a module U G and 
a module V G AJ-J-{C(^g^f^)ii. Using the homomorphism 15. 2() W = UC^cV becomes 
a F module of central charge —k + K^. Note that the restricted dual {U (recall 
(|4.1|) 'l is naturally a F submodule of the full dual toU both of central charge 
K — . (The restricted dual is taken with respect to the embedding f =— > g > F 
using constant functions on CP^.) Following define the following F submodule 

of {u ® vY 

(5.6) T'{U, V) \Jn>iT{U, V){N} 
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where 

T{U,V){N} := AnnG„((7 ® Vf. 
Eq. (|5.()|l indeed defines a F submodule of ([/ P^)"^ since for any y G T and 
any integer N there exists an integer i such that GN+iU G TGn- In other words 
r'(C/,y){iV} is defined as 

T'{U, V){N} = {Tje{U(g, Vy I r]{GNW) = 0, dim U{f)r] < oo}. 

Similarly to JHl Section 6.3] T'{U, V) has a canonical action of § ( "the copy attached 
to po" ) defined as follows. Let rj e T{U, V){N}. Fix w e C[t, a; £ g and choose 
f & R such that / — has a zero of order at least N at po- Then 

(5.7) {ujx)t] := {fx)ri 
correctly defines a structure of smooth g module on T'{U, V). 

Lemma 5.2. ('ij For any two modules U ^ and V G ATJ'{C(^g^f))K, T'{U,V) 
is a strictly smooth g module of central charge k — and 

(5.8) T'{U, V){N) = T'{U, V){N} e C(g,f) 
considered as a g module. Thus 

T': a x^.F.F(C(g,f)), ^7^(C(j,f))«, UxV^T'{U,V) 

is a contravariant bifunctor. 

(2) The bifunctor T' is right exact in each argument. 

The proof of (|5.8|) is straightforward as ^| Lemma 6.5] for the case f = 
(C(gj) = Ok). The part that T'{U,V) G as a g module follows from Lemma 

15.11 and the Kostant theorem J7| that C(gj) is closed under tensoring with finite 
dimensional g modules (and taking subquotients). 

Part 2, as in [T51 Proof of Proposition 28.1], follows from the left exactness of the 
functors M ^ Annji{M) and M i-^ M^~^'^"' for a given algebra A on the category 
of all A modules. (Here M^~^™ denotes the A finite part of Af, i.e. the space of 
m € M such that dimvl.m < oo, cf. section 4.) 

Theorem II .61 would be derived from the following Proposition. 

Theorem 5.3. For any modules U G and V G AFJ-'(C(g.f))K the Q-module 
T'{U,V) has finite length, i.e. 

T'(c/,y) G^j-.F(C(g,f))«. 

Due to the right exactness of the bifunctor T' it is sufficient to prove the following 
Lemma. This is the main part of the proof of Theorem \l.b\ 

Lemma 5.4. For any irreducible g modules Uq G J-in^ and Vq G C(g the g module 
T'(Irr(t/o)K, Irr(Vo)K) has finite length. 

To prove Lemma [5.41 we can further restrict ourselves to charts 70: CP^ — > CP^ 
around po such that 

(5.9) 7o(pi) = 00. 
This follows from the simple Lemma: 

Lemma 5.5. Assume that the g module T'{U, V) associated to one chart 70 : CP^ — > 
CP^ around pq has finite length. Then the respective module associated to any other 
chart ao : CP"'^ — > CP"'^ around pq has finite length too. 
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Proof. Notice that Gn does not depend on the choice of chart 70 or ao around po 
and consequently the T module T'{U, V) does not depend on such a choice either. 
Denote the actions of g on the space T'{U, V) associated to the charts 70 and 
by fi and z/, respectively. We claim that 

(5.10) fi{UCg))r^^i^iU{3))r^ for any rjeT'{U,V). 
Since ao(7o)^^ is an automorphism of CP^ that preserves the origin 

for some complex numbers a ^ 0, b, and d ^ 0. Let 77 G T'{U,V){N}. Then for 
each n £ n < N there exist complex numbers 6„, . . . , bN such that 

N 

Q^o(*") ~ bkJojt'') vanishes of order at least at po- 

k—n 

This implies that 

AT 

iy{xt")T] = ^ bu^{xt^) for any x G g 

k—n 

and by induction H5.10|l . 

Assuming that the g module {T'{U, V), fi) has finite length we get that (T'(U, V), ly) 
is finitely generated U{g) module which belongs to ^jrjr(C(g.f))K and thus it also 
has finite length due to part 3 of Theorem 13. 51 □ 

In the rest of this section we prove Lemma 15.41 for a chart 70 around pq with the 
property ()5.9|l . Let us fix such a chart. Then 

7o(i'') ei?-C[Cpi\{po,Pi,P2}], foraU k e Z. 
As a consequence of this there exists an embedding 

(5.11) g^r, xt'' ^ xj^it''), K ^ K. 

In addition in (|5.5|) the function /q can be taken simply as 7o(i)- 
Fix two modules Uq G J-'iUg and Vq G C(gj) and denote by 

W^ = Irr(t/o)„®Irr(Fo). 

the related F module. Using the homomorphism H5.11|l it becomes a g module of 
central charge —n + h"^. We will denote by the twisting of this g module by the 
automorphism (.)'* of g (see (|4.2f) '). Note that W'^ has central charge n — . 
We claim that g[t] ^ g preserves 

Wl Irr(;7o)«(0) ®Irr(Vb)«(0) C WK 

This follows from the facts that xt^ G g acts on by 

xEx(7*)-i7*(-0"" ® id + id a;Ex(7*)-i7*(-i)-" 

(see (I5.2|) '). that 7o(^~"') are regular functions on CP^\{po} for n G Z>o, and that 
OM ^ preserves lrr(t/o)„(0) and Irr(Vo)K(0). 

Consider the canonical induced homomorphism of g modules 
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(Recall the definition (|3.2|l of an induced q module I(-)k-) Dually we obtain a 
homomorphism of g modules 

(5.12) p'^S : ^ {(W^f)^ ((I(Wo»)«)^)«, 

see ()4.1|l . 

Notice that in the definition (|5.7(l of the action of g on T'{U,V) the function 
/ can be simply taken as 7o(i^) because all functions 70(^*^)7 k S Z are reg- 
ular outside {po,pi}. This means that the structure of g module on the space 
T' {lnd{Uo)K,lnd{Vo)i^) is simply the one induced from the F action by the homo- 
morphism (|5.11() . Thus T'(Ind(C/o)K, Ind(Vo)K) is naturally a § submodule of W^. 

Lemma 5.6. The homomorphism p''" 1)5.12(1 restricts to an inclusion 

T'(Ind(t/o).,Ind(yo)K) D{l{W^)^). 

(Recall that D{l(W^)^) is the smooth part of {{1{W^)^)'^)K) 

Proof. Since r{Ind{Uo)^MdiVo)^){N} C W'iN) 

and 

p''«(r'(Ind(t/o)«,Ind(Fo)K)) C mW^)^r)\^) = D{1{W^)^). 
To show that this restricted p'^" is an inclusion assume that 
r] e T'{lnd{Uo)nM<i{Vo)f,){N} is such that p'^^irj) = 0. Then 

(-l)^?7(7ri(xi7o(i)) . . . 7ri(a;„7Q(t))wo) = ri{'^2{xit^^) . . . Tr2{xnt^^)wo) 

= p''\ri){Ti^{x^t~^) . . . ^3(x„t-i)u.o) = 

for all Xi e g, Wo G Wo, n G Z>o. Here tti denotes the actions of F on VF, and 7r2, 
TTa denote the actions of g on VF'*, /(VFq)k, respectively. This means that 

vIx^Wq =0, n>0 and rylcwiy = 0. 
Because of Lemma [5. II n = 0. □ 
Recall the canonical isomorphisms 

Irr(C/o)K(0) ^ Uo, Lr(Fo).(0) ^ Fo. 

Kostant's theorem ^| Theorem 3.5] implies that Uq (8) Vq has finite length as a g 
module, and thus = Irr(t/o)..(0) » Irr(Fo)K(0) is a finite length g module. 
Now Lemma [5.41 follows from the following fact. 

Proposition 5.7. Let M be a g[t] module which is of finite length over g ^ g[t]. 
Then the g module D(1{M)k) has finite length for k ^ ]R.>o. 

Proof. Denote by tt the action of g[t] on M. Define a new action tt of g[t] on the 
same space by 

7f(xf' ) = (5„^o7r(a;). 

(This defines a representation of g[t] since ig[t] is an ideal of g[t].) This represen- 
tation will be denoted by M. The underlining vector spaces of M and Af will be 
always identified. 

Consider the two g modules 1{M)^ and I(M)„ and identify their underlining 
spaces with 

M^U{t-^g[t-^])^cM. 
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They are isomorphic as Q[t ^] modules and are naturally graded as g[t ^] modules 
with respect to the grading H1.2|l by 

degu®m = -fc for it £ J7(i~-^0[i"-^])"'', to G M. 

By (.)'^ we denote the fc-th graded component of a graded vector space (algebra). 
Then 

OO 

Denote 

I^M'^yk ^^rjeM'^l f]{M-^) = for j ^ k}. 
In the definition of the restricted dual above, recall (|4.1(l . we use the f module 
structure on A4 coming from the identification of M with the isomorphic g modules 
I(M)k and I(M)k. In other words as an f ^ g module A4 is the tensor product of 
U {t~^ 2[t~^]) (under the adjoint action) and M (equipped with either the action tt 
or 7f which coincide when restricted to g). 
As subspaces of A^'' 

(5.13) D{I{M)^){N) = D{I(M),){N) = ^ {M^^ 

3=0 

This implies that the representation spaces of D{I{M)i^) and D{I{M)^) can be 
identified with 

OO 

j=o 

The actions of g on this vector space related to D{I{M)^) and D{I{M)^) will be 
denoted by a* and 'W* . 
We claim that: 

j+k-i 

(5.14) If ?7 e (A^'^)-^' and5 e [/(g[t-i])-'^- thcna*(.9)?7-a*(.9)r/ e [W^]-'. 

2 = 

It suffices to check (|5.14f) for g = xt~^ . For this we need to show that if m G 
f/(i-i0[i-i])-P and p > fc + j then 

(5.15) {a*{xt-^)r]~a*{xt-^)ri){u®m) = 0. 
Let 

(5.16) (-l)"(a;t'^)u = ^a,6,c, 

i 

for some a, G U{t~^Q[t-^])-'P+''-'f^''\ h G U{q), c, 1 if ip{i) = and c, G 
C/(t0[i])'^W if > 0. Here is a map from the index set in the RHS of (|5.16() to 
Z>o. Then 

(a* {xt~^)ri) {u ® to) = r]{ai ® a(biCi)ni) 

i 

^ Sp,k+j ^ 7j{ai(g>Tr{bi)m). 

The second equality follows from rj G {M"^)^^ and p — k + (p{i) > j unless p ^ k + j 
and ip{i) — 0. 
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The same formula holds for a* with tt substituted in the RHS by tt. The com- 
patibility of TT and 7f on g ^ g [t] implies (|5.15|) . 

According to Proposition lO D(l(M) . ) e AFT{C^g^^))^. From Corollary EH we 
get that -D(I(M)k) is finitely generated as a U{Q[t~^]) module. We can assume that 
it is generated by some homogeneous elements 

r,^ e {M")-'', i^l,...,n. 

Then by induction H5.14|l easily gives that D{l{M)i^) is generated as a C/(0[t~^]) 
module by the same set {771, . . . , rjn}- Thus D{l{M)i^) is finitely generated as a U{g) 
module and 

D{l{M),){N)eC(,.^) 
because of (O^ which shows that D{l{M)^) G AFT{C(^g^fj)i^. □ 

Now as in Theorem 15 . 31 easily implies Theorem II .61 and the following 

Proposition 5.8. In the setting of Theorem \1.6l and Theorem \5.3\ if U G and 

V e AJ-J-{C(^g^fi)n then Ui^V and D{T'{U, V)) are naturally isomorphic. 
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